Hybrid finite compact (FC)-WENO schemes are proposed for shock calculations. The two sub-schemes (finite compact difference scheme and WENO scheme) are hybridized by means of the similar treatment as in ENO schemes. The hybrid schemes have the advantages of FC and WENO schemes. One is that they possess the merit of the finite compact difference scheme, which requires only bi-diagonal matrix inversion and can apply the known high-resolution flux to obtain high-performance numerical flux function; another is that they have the high-resolution property of WENO scheme for shock capturing. The numerical results show that FC-WENO schemes have better resolution properties than both FC-ENO schemes and WENO schemes. In addition, some comparisons of FC-ENO and artificial compression method (ACM) filter scheme of Yee et al. are also given.
INTRODUCTION
In many practical aerodynamic problems, the flow field often involves the complicated regions that contain both shocks and smooth structures. For the numerical simulation of these problems, it is required that the schemes have the capability of shock capturing and fine-scale feature capturing.
One class of efficient shock-capturing schemes are TVD [1] , ENO [2, 3] and WENO [4, 5] schemes. ENO schemes overcome the well-known order-degeneracy phenomenon of the TVD schemes at critical points, and can obtain uniformly high-order accuracy right up to the discontinuity. WENO schemes have the advantage over the ENO ones to yield higher-order accuracy 533 where f (u) is the flux function and can be split into two parts, i.e. f (u) = f + (u) + f − (u) with d f + (u)/du 0 and d f − (u)/du 0 and d f − (u)/du 0. The semi-discrete conservative difference scheme of (1) can be written as follows:
where the numerical flux h j+1/2 = h + j+1/2 + h − j+1/2 . The Ravichandran's method [14] can be divided into two steps. Firstly, the compact flux is solved by using the following equations: 
, n 1 (n 3 ) and n 2 (n 4 ) are start-and end-location of f j+l in different schemes. Parameters ± , ± , ± and a ± l are decided by the requirement of different accuracy and property of the scheme, for example, for the thirdorder upwind compact scheme [21] , they are ± = 5/12, ± = 8/12, ± = − 1/12, a 
In Reference [22] , we presented the idea of finite compact (FC) difference schemes in which, instead of Equation (3), the following equations are used: 
The fluxes h + j−1/2 and h − j+3/2 can be defined as Equation (4) or other ways. With different limiter functions, a third-order accurate FC-TVD scheme, a third-order accurate FC-ENO scheme and a fifth-order accurate FC-ENO scheme were constructed in Reference [22] . Equation (6) has three advantages over Equation ( . This property results in, as the solution contains discontinuities, more accurate and better resolution solution than Equation (3) [14] . Notice that the schemes with a three-point stencil of implicit operator (e.g. Equation ( 3) with ± = 0, ± = 0) cannot use the known fluxes h ± <1. So, in the region away from the discontinuity, the effect of the limited fluxes on the accuracy become smaller and smaller and Equation (6) can retain its higher order of accuracy.
In Reference [19] , it is shown that the overall performance of hybrid schemes is critically affected by the order of accuracy of the shock-capturing scheme that is employed. Although WENO schemes are simulating the base ENO schemes around discontinuities, numerous tests [5] show that the third-order WENO scheme is comparable to the third-order ENO schemes, instead of the base second-order ENO scheme, and the fifth-order WENO scheme is comparable to the fourth-order ENO scheme. WENO schemes therefore represent a better candidate than ENO schemes. In this paper, the WENO fluxes are applied to instead of the TVD/ENO fluxes used in FC-ENO schemes, the hybrid finite compact-WENO methods are proposed.
The boundary flux formulas proposed in Reference [22] will be implemented. The third-order formulas are
and the fifth-order formulas are
For the time discretization, the third-order TVD Runge-Kutta method [3] and fourth-order Runge-Kutta method are used to discretize Equation (2) with spatial third-order and fifth-order approximation, respectively.
The drawback of the parallelization unfriendliness of compact schemes makes the FC-schemes extremely CPU intensive under parallel dominated supercomputers. The artificial compression method (ACM) filter scheme with different filter proposed by Yee et al. [7, 8, 23, 24] requires a similar CPU as a second-order TVD scheme and yet achieves higher accuracy than fifth-order WENO scheme.
The ACM schemes use spatially high-order compact or non-compact central base scheme with the product of flow sensors and the dissipative portion of TVD, MUSCL or 5th-WENO scheme as a nonlinear filter. For Equation (1) , the filter numerical fluxes can be written as
where F * j+1/2 is the dissipative portion of shock-capturing scheme, a form of the ACM sensor j+1/2 proposed in Reference [7] is j+1/2 = k max( j , j+1 ), where the parameter k is problem dependent,
is a positive real number to avoid divided by zero. The wavelet-based flow sensors can be referred in References [8, 23] . With the wavelet sensor, the ACM can be improved.
As mentioned in Reference [8] , the nonlinear filter dissipation comes from a second-order accurate TVD method, if no switching were used the order of accuracy would have been reduced to second order. The switch in the ACM method is of order x when data are smooth, and will therefore give formal order of accuracy three. In practice, the coefficient k is often taken small, so that the constant in front of the third-order error term is very small.
In this paper, we will show the comparison of the FC-WENO schemes and the ACM schemes for some examples. In the computation, if the spatial fourth-order central scheme is applied, the dissipative portion of third-order WENO scheme is taken as a nonlinear filter, we denote it by CEN4+WENO3fi; if the spatial sixth-order central scheme is applied, the dissipative portion of fifth-order WENO scheme is taken as a nonlinear filter, we denote it by CEN6+WENO5fi.
HYBRID FINITE COMPACT WENO SCHEMES

Relations between FC-TVD/ENO schemes and ENO schemes
Firstly, the coefficients of the third-order [12, 25] and fifth-order schemes [26] in Equation (6) are listed in Table I 
We can find that if the second or third value of the function mm(a 1 , a 2 , a 3 ) is picked, the numerical flux function h + j+1/2 (Equation (4)) becomes the second-order ENO scheme: 
l=0 a r k,l g l , a r k,l are the coefficients of second ENO scheme concluded in Reference [5] , here are listed in Table II .
The numerical flux function h + j+1/2 of the fifth-order accurate FC-ENO scheme can be given as follows:
where
we can find that if the second or third values of the function mm1(
is picked, the flux h + j+1/2 (Equation (11)) becomes the third-order ENO scheme,
l=0 a r k,l g l , the coefficients a r k,l of thirdorder ENO scheme are listed in Table III (see Reference [5] ). 
Table IV. Optimal weights C r k .
1 /10 6/10 3/10
The resolution properties of finite compact schemes and WENO schemes
The detailed description of the WENO schemes can be referred to Reference [5] . For completeness, the numerical flux functions of the WENO schemes are also given as follows. In the same way, here we only discuss the positive flux h 
where the weight k is defined by
C r k is the optimal weight, and is given in Table IV . IS k is the smoothness measurement and is a positive real number to avoid divided by zero. When r = 2, IS k is computed by
In order to investigate the resolution properties of the finite compact difference schemes and the WENO schemes, we assume f = au and a>0 in Equation (1) with the initial condition u(x, 0) = e ikx . The exact solution of Equation (1) is
and the solution of different difference schemes can be obtained as
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It is easy to obtain the formulas of different scheme as follows:
where ( = k x) is the scaled wave number. The superscript of k i and k r denotes the different schemes, for example, 3-FC and WENO-3 represent the third-order finite compact difference scheme and the third-order WENO scheme, respectively. The variations of k i and k r of the FC-schemes, Equation (6), and the WENO-schemes, Equation (13), versus scaled wave number is given in Figure 1 . The figure shows that the FC-schemes yield better resolution properties than the WENO schemes. The dissipation error of 3-FC scheme is larger than the WENO-3 only if > c1 (cos( c1 ) = −1/2), the similar behaviour of 5-FC scheme occurs Figure 1 also shows that the higher-order schemes (the FCschemes or the WENO schemes) produce better resolution properties. Therefore, it is preferential to use the FC-schemes in smooth regions. At the same time, the WENO scheme yields better properties than its base ENO scheme. Based on the two reasons, the hybrid FC-WENO schemes are constructed.
The hybrid finite compact-WENO schemes
The scheme, which consists of the third-order finite compact scheme Equation (6), (4) with the modified limiter function
will be referred to as
is that there is no fourth value (i.e. zero) in the latter.
In the same way, the hybrid FC-WENO scheme constructed by third-order FC-scheme coupled with third-order WENO scheme will be referred to as '3-FC-WENO-3', and its numerical fluxes' functions can be calculated by
Similar to the analysis in Reference [22] , the following equations are always satisfied:
So in smooth regions away from critical points (* f
At critical points, the fluxes may become the fluxes of WENO-3 scheme, which is also third-order accurate. So 3-FC-WENO-3 Equation (16) is uniformly third-order accurate in smooth regions, and also makes the most of finite compact scheme.
Similarly, '5-FC-ENO-3' denotes the original scheme Equation (11) . '5-FC-WENO-5' denotes the hybrid FC-WENO scheme, in which the fifth-order FC-scheme coupled with the fifth-order WENO scheme, and its numerical fluxes functions can be calculated as follows. The positive 
otherwise end if and the negative part is
Similarly, there are
With the same discussion as 3-FC-WENO-3, we know that the algorithm Equation (17) always yields h ± j+1/2 =ĥ ±5-FC j+1/2 in the smooth regions away from point of f ± j = 0; and WENO-5 may be applied only at the point of f ± j = 0. So, whatever happens, 5-FC-WENO-5 is uniformly fifth-order accurate in smooth regions, and also makes the most of finite compact scheme.
NUMERICAL EXAMPLES (1) Linear transport equation. The transport equation is given as
The example is used to examine the accuracy of different schemes. In our computation, a Courant number = 0.2 is used. Table V gives the comparisons of accuracy of 3-FC-ENO-2, WENO-3, 3-FC-WENO-3 and CEN4+WENOfi3 schemes. The table indicates that 3-FC-WENO-3 gives superior third-order accuracy and is the best one among 3-FC-ENO-2, WENO-3 and 3-FC-WENO-3 schemes. From the table, it seems that 3-FC-ENO-2 is less accurate than WENO-3, this is caused by the treatment of the critical points (* f ± j /*x = 0). In critical points, 3-FC-ENO-2 becomes second-order ENO scheme. In fact, in the regions away from critical points, 3-FC-ENO-2 is comparable to 3-FC-ENO-3 scheme. This can be seen from the comparisons of pointwise errors in Figure 2 (a). One available treatment to overcome the drawback is to use a modified limiter function mm(a 1 , a 2 , a 3 ),
to instead of mm(a 1 , a 2 , a 3 ) in 3-FC-ENO-2, the discussion can be seen in Reference [22] . From Table V , we also can see that the 3-FC-ENO-3 is comparable to ACM with large parameter k (e.g. k = 0.5), but it is less accurate than ACM with small k (e.g. k = 0.005). Table VI Similar to 3-FC-ENO-2 scheme, 5-FC-ENO-3 seems less accurate than WENO-5, this cause is that third-order ENO scheme is applied in points of f That is to say, 5-FC-ENO-3 scheme is of fifth-order accurate in the regions away from points of f ± j = 0. The order degeneracy can be avoided by using the modified limiter functions 1 , a 2 , a 3 ) and mm2(a 1 , a 2 , a 3 ), a 2 , a 3 ) and mm2(a 1 , a 2 , a 3 ) (see Reference [22] ).
Comparing Figure 2 and third-order ENO scheme are applied at critical points ( f ± j = 0) and at points of f
In order to compare the CPU and efficiency of different method, set f (u) = u in Equation (1), we give the statistical times of multiplication, addition and logical operation in the computation of h j+1/2 in Tables VII(a) and (b). Here, if both functions j = (u j+k , . . . , u j+ p ) and j+1 = (u j+1+k , . . . , u j+1+ p ) appear in a formula, we only count the operations in j . The multiplication of two constants is not regarded as one operation.
From where the factor 4 is the order of the Runge-Kutta method, the factor 2 denotes the flux splitting, and the factor 3 is the three conservative variables of the one-dimensional Euler equation. Other computations follow the similar idea. In the step of flux splitting, the operations include those in obtaining pressure from conservative variables; in CEN-methods, the operations include those in obtaining the fluxes from conservative variables. The comparisons are listed in Table VII(c). WENO3+3RK  408  88  261  78  -3-FC-WENO-3+3RK  462  100  333  100  9  CEN4+WENO3fi+4RK  224  48  190  57  -WENO5+4RK  1158  89  781  80  -5-FC-WENO-5+4RK  1302  100  973  100  32  CEN6+WENO5fi+4RK  413  32  328  34  -Table VII (c) shows that the WENOs only need 80% CPU of FC-WENOs. CEN4+WENO3fi +4RK only need about half CPU of 3-FC-WENO-3+3RK, and CEN6+WENO5fi+4RK only need about one-third CPU of 5-FC-WENO-5+4RK. So CEN4+WENO3fi+4RK is the most efficient one among WENO3+3RK, 3-FC-WENO-3+3RK and CEN4+WENO3fi+4RK; and CEN6+WENO5fi+4RK is the most efficient one among WENO5+4RK, 5-FC-WENO-5+4RK and CEN6+WENO5fi+4RK.
(2) *u/*t + *u/*x = 0, −1 x 1. This equation is taken as the second test case where
and supplemented with a periodic boundary condition. The example is used to check the capability of a numerical scheme to handle solutions with flow discontinuities and smooth regions at the same time 547 the modified limiter functions Equation (18) or Equation (19) with M = 1 are used, are not depicted in the figure because of these are almost the same results as FC-ENO schemes. From Figures 3(b) and (e), we can see that, if the solution contains discontinuity, the behaviour of artificial compression method is much affected by the problem-dependent parameter k. If k is taken to too small, the solution will yield overshot or oscillation; if k is taken to too large, the accuracy will degenerate. Figure 3(c) gives the comparison of 3-FC-WENO-3 and CEN4+WENO3fi with an appropriate parameter k (here, k = 0.375). It can be seen that CEN4+WENO3fi is better than 3-FC-WENO-3. Figure 3(f) gives the comparison of 5-FC-WENO-5 and CEN6+WENO5fi with an appropriate parameter k (here, k = 0.375). In the case, CEN6+WENO5fi is less accurate than 5-FC-WENO-5.
(3) *u/*t + *u/*x = 0, −1 x 1. This equation is accepted as the third case where
The solution includes a smooth but narrow combination of Gaussians, a square wave, a sharp triangle wave, and a half-ellipse [5] . 200 grid points are used and the solution is intergraded up to t = 6 in calculations. The results in Figure 4 indicate that the same conclusions as in second test case can be obtained for four types of waves. Figure 4 (c), it can be seen the result of Gaussians, the sharp triangle and the half-ellipse waves, CEN4+WENO3fi is more accurate than 3-FC-WENO-3, but for the square wave, 3-FC-WENO-3 is better. From Figure 4 (g), 5-FC-WENO-5 is better than CEN6+WENO5fi (k = 0.375) for all four waves. We notice that for square wave, the results of all mentioned methods become asymmetrical. One reason is that the ENO schemes apply the upwind points, so do WENO schemes. The numerical results also can be seen Figure 2 in Reference [5] , especially the result of WENO5 with artificial technique. Another reason of FC-schemes is that they apply the two-point upwind weighted compact schemes, Equation (6) . 
The steady solution of Equation (21a) with boundary condition (21b) is u(x) = tanh(−x Re/2). At x = 0, the shock is formed with a large Re number. The goal of this test case is to examine the capability of capturing the steady shock. In our computation, we take a = − 1 and b = 1, and the grid point number on N = 80. The central difference scheme is applied for the secondorder derivative. The results with Re = 10 2 and Re = 10 3 are shown in Figures 6(a) and (b) (local enlarged). It can be seen that for the case with Re = 10 3 resulting in strong shock, 3-FC-WENO-3 is almost the same as WENO-3; for the case with Re = 10 2 resulting in weak shock, 3-FC-WENO-3 is slightly better than WENO-3. FC-ENO-2 is less than 3-FC-WENO-3 and WENO-3. In the fifth-order schemes, 5-FC-WENO-5 is still best one, and in the case with strong shock, WENO-5 is better than 5-FC-ENO-3, however, in the case with weak shock, an opposite conclusion can be obtained. Here, = 0.2. This test case is taken from Reference [28] , and has been studied by several other authors (see References [19, 20, 22] ), and represents a Mach 3 shock wave interacting with a sine entropy wave. The Steger-Warming flux vector splitting method [27] is used and the results at scheme with a grid of 1000 × 400 nodes. The time step is taken as follows [19] :
The pressure contours are shown in Figure 9 (a). The FC-ENO schemes, WENO schemes and FC-WENO schemes perform similarly. A careful comparing of the results obtained by 5-FC-WENO-5, 5-FC-ENO-3 and WENO-5, we can find that 5-FC-WENO-5 and WENO-5 are slightly better than 5-FC-ENO-3 in the sense that less numerical noise is generated. Figure 9(b) gives the comparisons of distribution of pressure along the y = 0.5 section. In the shock-behind and vortex-centre regions, somewhat better behaviours of FC-ENO and FC-WENO over WENO are observed. As a whole, FC-WENO is the best one.
(9) Shock/shear layer interaction. The problem is taken from Reference [7] . It is used to test the behaviour of the schemes for shock waves interacting with shear layers where the vortices arising from shear layer instability are forced to pass through a shock wave. The controlling equation is two-dimensional Navier-Stokes equation. The Prandtl number is set to 0.72, and the Reynolds number is chosen to be 500. The central difference scheme is used for the viscous terms. The same grid as in Reference [7] , 321 × 81, is used. The time step is taken as Equation (22) with = 0.5.
The density contours are shown in Figure 10 . As the same result in Reference [7] , the TVD scheme misses the correct vortex formation. WENO-3 does so. 3-FC-WENO-3 shows better result than 3-FC-ENO-3, and it is comparable to third-order ENO scheme. WENO-5 is better than 5-FC-ENO-3, and less than 5-FC-WENO-5. This example illustrates the FC-schemes are applicable for the complex two-dimensional shock/shear layer interaction flow.
CONCLUSIONS
Based on the analysis, that the finite compact difference scheme has better resolution of high wavenumbers than WENO scheme and the WENO scheme possesses better performances than its base ENO scheme, the hybrid finite compact (FC)-WENO schemes are proposed for shock calculations. The FC-WENO schemes can satisfy the requirement that the FC-schemes are used as possible in smooth region and the WENO schemes are used at the discontinuous point or critical point of f ± j = 0 (WENO-3 is used in 3-FC-WENO-3) and at point of f ± j = 0 (WENO-5 is used in 5-FC-WENO-5). The numerical results show that FC-WENO schemes have the uniformly highorder accuracy, and can improve the capability of shock capturing and fine-scale feature capturing over the WENO schemes and the original developed FC-ENO schemes. The ACM filter schemes of Yee et al. have the higher efficiencies than FC-WENOs and WENOs, the disadvantage of them is that they need to decide an appropriate problem-dependent parameter k.
